We consider travelling periodic and quasi-periodic wave solutions of a set of coupled nonlinear Schrodinger equations. In fibre optics these equations can be used to model single mode fibres under the action of cross-phase modulation, with weak birefrin gence. The problem is reduced to the '1:2:1' integrable case of the two-particle quartic potential. A general approach for finding elliptic solutions is given. New solutions which are associated with two-gap Treibich-Verdier potentials are found. General quasi-periodic solutions are given in terms of two dimensional theta functions with explicit expressions for frequencies in terms of theta constants. The reduction of quasi-periodic solutions to elliptic functions is discussed.
solutions (Florjanczyk k Tremblay 1989 ; Rostov k Uzunov 19 phenomenon is related to the existence of a fourth integral found by Dowling (1990) . Due to this property, two-soliton solutions also exist (Tratnik k Sipe 1988) .
In the present paper the general polarization-modulated states -two-gap solutions -are expressed in terms of two-dimensional theta functions. Another motivation for this work is the attem pt to classify the exact solutions of the coupled nonlinear Schrodinger equation adm itting similarity reductions which were studied in Gagnon (1992) , Sophocleous (1994) and Manganaro k Parker (1993) .
Let us introduce the new functions A = (a independent variables z = 5(7 + 1 ) Z , t = Equations (1.1) can then be rewritten as follows:
ia2 + att + ft0a + p{\a\2 + |6|2)a + + b2)a i bz + btt ~ ftob + p(\b\2 + | where fto = §0", P = § and q = | . We seek solutions of (1.2) in the following form (Florjanczyk k Tremblay 1989) : a(z,t) = q i ( t )e xp(il?z), 6(z, = exp(il2z where q\(t) and q2(t) are real functions and is an arbitrary real similarity reduction (1.3) is the simplest of the reductions considered by Manganaro k Parker (1993) which reduce the initial partial differential equations to a system of ordinary differential equations. We obtain the system d2 d2 + (q\ + <72)^1 = (ft -h?o)<zi, These equations describe the known integrable case '1:2:1' of the quartic poten tial U = Aqf + Bq2q2 + Cq% (Hietarinta 1987) , which is separable in ellipso coordinates. The foregoing analysis can also be applied to the integrable potential '1:12:16' which is separable in parabolic coordinates. The dynamics of the other sep arable cases of the quartic potentials '1:6:1' and '1:6:8' can be expressed in terms of two elliptic functions with different moduli (Ravoson et al. 1994) . It is remarkable that these two last cases are canonically equivalent (Baker et al. 1995) as well the analogous integrable cases of the cubic potential (Salerno et al. 1994) .
The paper is organized as follows. In § 2 we describe the Poisson structure of the integrable system '1:2:1' using the results given in Eilbeck et al. (1993 . We derive a Lax representation for the system, prove its complete integrability and con struct the separated coordinates. In § 3 we show th at the problem of the description of elliptic solutions for the system (1.4) is reduced to the description of the elliptic potentials for the Schrodinger equation and the construction of the corresponding Lame polynomials. The problem is closely related to the structure of the locus for the Calogero-Moser system (Airault et al. 1977) . In §4 we analyse the known elliptic solutions for the system (1.4) and show that they are included into the approach developed. Moreover we find a new elliptic solution for (1.4) which is associated with the two gap Treibich-Verdier potential (Treibich k Verdier 1991) . In §5 we give an integration of the system via theta functions and calculate the frequencies in terms of theta constants. The question of the periodic solutions is formulated from a theta-functional point of view and is reduced to the description of some modular varieties given by the vanishing of some two-dimensional theta constants. Such a reduction is demonstrated on the example of the elliptic solution associated with the Treibich-Verdier potential.
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T h e L ax r ep r e se n ta tio n
The system (1.4) is a completely integrable Hamiltonian system with the Hamil tonian
are canonical variables with , 1,2, and Z \,Z 2 are arbitrary constants.
The Lax representation for the system (1.4) is known in terms of 3 x 3 matrices (Zakharov & Schulman 1982) . However, we find it convenient to use a 2 x 2 Lax rep resentation,
which is a special case of the hierarchy of systems discussed in Eilbeck et al. (1993 .
To do this we fix the following ansatz for the Lax operator:
where The associated algebraic curve d et(L(z) -y l ) = 0 has genus two, and is written as
where w = y{z -Z i) (z-Z2) , H is the Hamiltonian (2.1), is of motion,
{Z\Z2 -\ Z 2q\ -and Z3, Z4, Z5 are the roots of the cubic on the right-hand side of (2.5). Let us define new coordinates h iih 2 as zeros of the function U{z) in the Lax operator, i.
On can prove (Eilbeck et al. 1993 ) that the canonically conjugated momenta are defined as
) and therefore the coordinates {hi-*1b ) are the separated coor ordinates).
Z\){hi -Z2) '
h2 h2
It follows from (2.7) and (2.9) th at the the dynamics of the system described in the coordinates (7q ,/q ) become the Jacobi inversion problem associated with the curve (2.5):
_^l + r a-^L = 0, r^+ r^= 2*+ 6, (2.io> w{ll)
where a, 6 are constants defined by the initial conditions. If $ are real and > ^21 then the solution (2.7) is real if ^2 ^ Z\ < fii an We remark that the integrable case '1:12:16' of the quartic potential arises in this approach by the introduction of another ansatz for the function U whose zeros define parabolic coordinates (Eilbeck et al. 1993) .
3. P e r io d ic so lu tio n s a s so c ia te d w ith th e L am e e q u a tio n In this section we develop a method (see also Enolskii & Rostov 1994; Rostov 1989) which allows us to construct periodic solutions of (1.4) in a straightforward way. The method is based on the application of spectral theory for the Lame equation with elliptic potentials (Airault et al. 1977; McRean Sz van Moerbeke 1977) .
with U{x) being an elliptic potential. Because the algebraic curve (2.5) associated with the problem has genus two we shall consider a two-gap elliptic potential for the equation (3.1). Such potentials are known to be of the form (Airault et al. 1977) :
where p(x) is the Weierstrass elliptic function (Bateman & Erdelyi 1955) with real period 2cu = 2uq and imaginary period 2a/ = 2ia3, the number TV is a positive integer N > 2 (the number of 'particles') and the numbers x = (a q ,... , x n ) belong to the locus Cn, i.e. the geometrical position of the points given by the equations
Equation (3.1) allows the coalescence of three particles aq and the potential takes the form (Airault et al. 1977) :
The associated algebraic curve of genus two can be described with the help of the Novikov equation (Novikov 1974) . For example, let us consider the two-gap potential for (3.4) normalized by its expansion near the singular point as U{x) -6/a;2 -I-ax2 + bxA + cx6 + dx8 -I-0 ( x 10).
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Then, following from the Novikov equation, the algebraic curve associated with this potential has the form (Belokolos & Enolskii 1989): 35az3 63 bz2 /5 6 7 a 2 297c\ 1377a5 12
Let us consider the trace formulas (Zakharov et al. 1980) w ritten for the elliptic potential in the form
We require th at the eigenvalues Zi and z2 be the branching points of the curve associated with the two-gap elliptic potential. Using the relation which follows from (2-7), 2 , "2 Qi + Q2 = 2(/U + M2 -^1 -22), then from the first trace formula we can write (1.4) in the form _d2 dx2 d^ da:2 where we set without loss of generality Xq=i zj = 0-Here> 2:1,2 are two distinct branch points of the curve (3.6) which are the shifted values of the branch points Z ij2 of the curve (2.5),
Jk 5 h=1 where Z j , . . . , Z5 are the branch points of (2.5).
Then, if the relations 12 -120 = -3zi -2 z2, 12 + 120 = -2^i -3(3.12)
hold, the problem of finding elliptic solutions for (1.4) is reduced to the calculation of two Lame polynomials, i.e. the values of the eigenfunctions of (2.2) corresponding to the spectral parameter fixed at the ends of the gaps
where the Ci are some constants corresponding to a point x on the locus CnFor the elliptic potential without degeneracy (3.2), we have from (2.7), (3.7), (3.8) and (3.9) the general formula for elliptic solutions of (1.4): 
,i = 1,2,3 2:1,2 (2) = e-,-+ 2ei ± 2 Y^(ei -ej)(2+ 7ei) 23, 4 (i) = efc + 2ej ± 2-^/(ei -e/c)(2e*, + 7ei)
(z -£n), i j 7^ fc? ^ -I? 2,3, 5^1 5e^ + 27 e| -6e*ej -2:^ + 2zn (ej -ei) 24 (e^ -e^)
A problem with the application of this formula is th at we have to find points x on the locus such that the functions (3.14) and (3.15) are real and finite. Some special cases are known, for example the analytical description of the locus (3.3) for twogap elliptic potentials for which the Xi are half-periods, Xi = (Treibich-Verdier potentials, see Treibich Sz Verdier 1991). Details are given in Enolskii & Eilbeck (1995) . The curves and Lame polynomial associated with these potentials are given in table 1.
Quasi-periodic solutions of the coupled nonlinear equations 691
E llip tic so lita r y w aves
We shall show in this section that the known periodic solutions of (1.4) are asso ciated with one and two-gap elliptic potentials of the Schrodinger equation.
(a) One-gap potentials The equations (1.4) have the following solutions (Rostov & Uzunov 1992):
where the amplitudes C\ ,C2, the modulus k of the elliptic functions, and the tem poral pulsewidth 1/a of the waves are defined in terms of the physical pa 12 and f?o as a 2k2 = 2120, C\ = f2 -3 1 2 0 + a 2, = 12
The parameters can be expressed in terms of the Weierstrass parameters e3 ^ e2 ^ as follows, 12
The solutions (4.1) are associated with the eigenvalues Z\ e2 and = e3 of the one-gap Lame potential. In this case H -|( e 2 + e3)2 + e2e2, F = |( e 2 + e3)2 and the curve (2.5) reduces (after a transformation of the spectral parameter z -> -z + e 2+ e 3) to the product of the Weierstrass cubic and a perfect square,
w2 = 4( ze1
It is easy to see th at one of the variables pi is pinched at the point §ei and the Jacobi inversion problem written for the curve (4.2) becomes the inversion of the elliptic integral for the remaining variable p.
(&) Periodic solutions associated with the two-gap Lame potential It was shown by direct substitution in Florjanczyk Sz Tremblay (1989) that the equations (1.4) have the following periodic solutions:
where sn, cn, dn are the standard Jacobian elliptic functions (Bateman Sz Erdelyi 1955) , k is the modulus of the elliptic functions 0 < 1, and the characteristic parameters of the wave: amplitude C, temporal pulsewidth 1/a and k are related to the physical parameters Q and f?0 through the following dispersion relations: The solutions (4.3) and (4.5) can be obtained from the general periodic solution (3.14)-(3.15). The solutions (4.3) have the following spectral interpretation. They are the Lame polynomials associated with the eigenvalues 3e2, 3e3 (see table 1):
ei -e3 One can show that the relations (3.12) become (4.4). Analogously, one can prove th at the normalized Lame polynomials associated with the eigenvalues 3e2, -\ / ( 3^2) yield the solution (4.5). We prolong this analogue by constructing some new periodic solutions corresponding to the Treibich-Verdier potentials given in table 1. (4.11)
Zl -Z2
The parameters Q and 120 are linked with the Weierstrass parameters e* through 2 Q = -5(^i -jwith z i,z 2 given by (4.8). By eliminating e* from these formula and from the formula for the amplitude (4.11) we arrive at the dispersion relations:
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Analogously, we can find the elliptic solution associated with the eigenvalues
where C is given by (4.11) but with zi} z2 given by persion relation has the form:
The Treibich-Verdier potential U5 also yields elliptic solutions, but the solutions corresponding to the potential U5 given in table 1 blow up. From general consider ations we conjecture th at there exist non-blowup real solutions associated with the isospectral deformation of this potential.
The solutions derived represent stationary periodic waves. However, taking into ac count the invariance of equations (1.1) under a Galilean transformation (Florjanczyk & Tremblay 1989; Dowling 1990 ), they also represent travelling periodic waves.
E x a ct q u a si-p erio d ic so lu tio n s
In this section we give the theta functional expressions for the trajectories of the system under consideration using the Rosenhain ultraelliptic functions (Rosenhain 1851 ; see also Mumford 1983 Mumford , 1984 , i.e. Abelian functions associated with an alge braic curve of genus two. We also show how to reduce ultraelliptic solutions to the elliptic solutions discussed before. 
the curve becomes (Rosenhain 1851) C2 = «(1 -0 (1 -«20 ( i -A20 (1 -m20 (5.2)
Let us fix on (2.5) the homology basis, = B\, and the conju gated basis of differentials of the first kind (Mumford 1983 (Mumford , 1984 , the transformational property
(5.9) where n ',n " € Z 9 and the modular p r o p e r t y , which desc the theta function under the action of the group
The branching points are expressed in terms of theta constants as
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The solutions of equations (1.4) are expressed in terms of the formulas (5.10)-(5.14). To do this we have to put Z\,z2 into correspondence with two branching points of the curve (5.2). In particular, let us choose Z\ )2 in such a way that their images z\t 2 under the transformation (5.1) become the branching points 0 and A2 and the images /ii)2of Mi,2 move inside the gaps 0 ^ ^ M2> ^1 = ^ Mi ^ 1-Let us also fix the vector u 0 as a half-period u 0 = + r i2 + 1,Tl2 + t22) which shifts the characteristics at [}g] . Then we find the following quasi-periodic solutions
where the frequencies u\y2 are in general non-commensurable and
2 _ ^b s p g m s j ' 1 j We emphasize that the solution given is parametrized only by the the r-m atrix and expressed in terms of theta functions and theta constants which are rapidly convergent and therefore this expression is convenient for numerical calculations.
(6) Reduction to elliptic functions The given solutions are quasi-periodic functions of time. They are reduced to elliptic functions under some restrictions on the parameters of the system which can be formulated in terms of conditions on the matrix r.
More precisely, it follows from the explicit formulas (5.15) and (5.16) for q\ and q2 that the following two conditions are sufficient to require the solution be an elliptic function of x.
(i) The matrix r is taken in the form 1?N N * N <5-18>
(ii) U\ or u2 = 0. It follows immediately from the transformational properties of theta functions that under these conditions, the solution is an elliptic function of the order. Condition (ii) is reduced with the help of (5.17) to the condition of the vanishing of some theta constants. It is remarkable that conditions (i) and (ii) are also sufficient, as was proved in Eilbeck (1995) within the Weierstrass reduction theory of theta functions to lower genera (Belokolos et 1994; Krazer Sz Wirtinger 1915 To demonstrate how this approach works, we derive the elliptic solution (4.9)-(4.10) from the theta functional approach. To this end, we fix the period matrix in form (5.IS) and put N -4. We remark th at this case of the reduction of theta functions was studied by Bolza (1887) (see also Belokolos et al. 1994) .
The computation is based on the addition theorem of the second order (Mumford 1983 (Mumford , 1984 ( l -^(5.22) Using the explicit expressions for the branching points (table 1) we find, after sub stitution of the corresponding theta constants (Appendix A) in (5.17),
Choosing zp,a = e3 + 2ei ± 2a / (4 -e E = B A B , th at U\ = l / 2u> = V(.eĩ e3 )/7r$3, in accordan (1955) .
The same arguments permit us to compute (5.15)-(5.16) in terms of elliptic func tions. Let us consider the theta function entering into the expression for (5.15). Applying the addition theorem (5.19) and putting 0 according to condition (ii) and using the expressions for theta constants we find Cv d2 ((x -x0)/2 cj) 9 [oil ({x -xq) 
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where C\can be computed using the theta constants from Appendix A, (Bateman & Erdelyi 1955) and setting xo = W3, we obtain the elliptic solutions (4.9) and (4.10). In the same way another elliptic solution associated with the two-gap Treibich-Verdier potential (4.15)-(4.16) can be obtained from the theta functional solutions.
C o n clu sio n
We have considered a physically im portant partial differential equation which sup ports soliton-like behaviour, but which is not integrable by the inverse scattering method. At the same time, the equation can be reduced by a similarity reduction to a completely integrable dynamical system, the so-called '1:2:1' integrable case of the quartic potential. Because this last system has theta functional solutions, we can derive a rich class of explicit quasi-periodic solutions expressible in terms of Abelian functions for the initial nonintegrable partial differential equation. The solutions ob tained represent interacting elliptic wave trains and are the periodic generalization of multi-soliton wave trains.
In this paper we have described a family of elliptic solutions for the partial dif ferential equation within the general method of reduction of Abelian functions to elliptic functions. Our approach is complete in the sense th at all possible solutions (periodic, soliton etc.) are obtained in a unified way.
In fibre optics applications, the resulting periodic solutions may allow higher pulse repetition rates and are therefore of interest in optical transmission systems.
We remark that our discussion was based on the integrable case '1:2:1' of the quartic potential; other integrable cases: '1:6:8', '1:6:1' and '1:12:16' also admit some elliptic periodic solutions of the initial system. We shall consider these questions elsewhere. 
A p p e n d ix A . T h e ta c o n sta n ts
We denote the Jacobi theta constants by = dj (0 |2 pr n ) , = dj (0 |2 p t22). j = 2,3,4. 
